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Уэ Ĝ graph̃ ̆
Gѐ Уэ D

ѐ бG ̆ ѫ
D ѝ ⁸
̂dominating set̃ ̆
⁸ ̂dominating number̃
ԏ ʴ̂ G̃ Ȃ Eѝ
ѝG Уэ ̆ G-
E ⁸ ұG ⁸ ̆
ѫ Eѐ
ѝ b̂G̃

̂bondage number̃ Ȃ 

 

  

  Kang  Yuan 

֗
G  b(G)Ò8Ȃ 

Carlson  Develin 

ᵏ Уэ ̆
̔ Gѝ  

b(G)Ò min{8, Ƕ(G)+2}Ȃ
ѐ̆ ԏ

Dunbar

b(G) Ò Ƕ+1̕ ұ
̆ ԏ Ἴ

 ᾰͅ
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ԏ ǶÒ3
ᾳȂ 

 



Ὧ ̔ ̂bondage number̃̆ ⁸
̂domination number̃̆
̂connected planar graph̃̆ ̂degreẽ̆
̂vertex̃ 

  

 Abstract: 
Given a nonempty graph G, a set D of its vertices is a 

dominating set if every vertex of G is in D  or adjacent to 

a vertex in D. The dominating number ɔ(G) of a graph G 

is defined t be the minumum size of a dominating set of 

G. If E is a edge set of G, the bondage number b(G) of a 

nonempty graph is defined to be the cardinality of the 

smallest set E of edges of G such that the graph G-E 

has domination number greater than that of G.  

  

Kang and Yuan proved b(G)Ò8 for every connected 

planar graph G. Carlson and Develin presented a simple, 

intuitive proof that b(G)Ò min{8, Ƕ(G)+2}for all planar 

graphs G. In this paper, we conject that b(G) Ò Ƕ+1 

when 3ÒǶÒ6. Since it is not very easy, we will consider 

ǶÒ3 first especially for a connected planar graph. 
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1.1  

Уэ G ̆V̂G̃ ÊG̃⁞ G

̂vertex set̃ ̂edge set̃Ȃ
d̂G̃‡ Gѐ u ̂vertex 

degreẽ ѬѝGѐұxὯ ̂У
ч ̃Ȃ 

Gѐ ̂maximum̃ ̂minimum̃
⁞ ѝǶ̂G̃ ŭ̂ G̃̔ 

 ̧   Ƕ̂G̃=max{d̂x̃̔x V̂G̃}, 

 ̧    ŭ̂ G̃=min{d̂x̃̔x V̂G̃}, 

 



x̆y V̂G̃̆ӱxy ѝӱ
xy ̂distancẽ̆ ѝd̂x̆ỹȂ

̆ ̆‡ѝӱxy

Ȃ 

Уэ Ğ Gѐ Уэ D

ѐ бG ̆ ѫD ѝ
⁸ ̆ ⁸ ԏ ɔ̂ G̃ Ȃ

 bauer et al.[1] 1983  Ȃ
Fink et al.[3] 1900 Ӯ ⁸ Ȃ

ɔ̂ G-Ẽ>ɔ(G) E

̆ὲѐEѝG Ȃ 
 



VConjectore  1 (Dunbar et al.[2]). G
Уэ ̆ ѫb(G) Ů Ƕ+1. 

 
VConjecture 2 ( Teschner[9]). ֗ ̆
b̂G̃ ȇ3/2Ƕ(G).  

Ю Ὧ ў
чэ (conjecture) ̔ 

[3]ѐ̆   ҩ 1 Ȃ
э Teschner[8] HartnellԈ Rall[6]

ѡ ҩ ᴿȂ 

а ҂ ҩ 2  
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2.1  some lemmas 

Lemma 1 (Eulerôs formula). G Ԉ ὡ

g ̆ Ḯ G ̆ ѫ 

V᷄(G) -᷄ E᷄(G) +᷄ F᷄(G) =᷄2-2g 

ὲѐF̂G̃ѝ g ὡ G Ȃ 

ԏ Ԉ  ѫУэ ̆ Gѝ
̆Eulerôs formula Ԉעѝ 

V᷄(G) -᷄ E᷄(G) +᷄ F᷄(G) =᷄2Ȃ 

 



Lemma 2(Hartnell and Tall[6]). G Уэ ̆

u v Gѐ У ̆ ѫ ѫ Ԉ  

b(G)Òd(u)+d(v)-1- N᷄(u)žN(v) .᷄ 

У ̆ b(G)Òŭ(G)+Ƕ(G)-1. 

Lemma3(Fischermann et al.[4]). G Уэ ̆
3ÒĝG̃ÒÐ, ĉG̃ѝ ̆ ѫ 

 

( )( ( ) 2) ( )
( )

( ) 2

g G n G c G
m G

g G

- -

-



F1 Уэ ̆ ѝ{u1,u2,u3,u4} ѝ
{uui i᷄=1,2,3} {᷾u1u2};F2ѝ Уэ ̆ ѝ
{v1,v2,v3.v4.v} ѝ{vvi i᷄=1,2,3,4} {᷾v1v2,v3v4}. У ̆
Уэ t̆Ḯ H2,t ӱ ὤ K2,tѐ ̆

ὲѐK2,t ╗ὡ xy {x̆y} {w1,w2,w3,ééwt}. 

ԏ Ԉ Ѭɕ={C4,C5,F1,F2} {᷾H2,t t᷄Ó1},ὲѐC4,C5⁞ѝ
4 5 Ȃ 

G ̆3ÒĝG̃ÒÐ̆ G ɕ ѫ̔ 

3ū(G)Ò2m(G)-n2(G)-n1(G) 

 



Lemma4(Lovasz and Plummer[12])Ḯ G

Уэ ̆ з nÓ3̆ ѫ̔ 

E᷄(G) Ò᷄2n-4 

Lemma5̂Bondy and Murty[13]̃ G

ѝ ̆ nÓ3̆ ѫ̔ 

ŭ(G)Ò5 з 

E᷄(G) Ò᷄3n-6 

 

Lemma6̂Kang and Yuan[7]̃
Gѝ ̆ ѫ̔ 

b(G)ÒǶ(G)+2 

 



Lemma 7 (Bauer et al. [1], Teschner [10]). 
Уэ чэ ѝŭv̆зd(u,v)Ò2, ѫ 

b̂G̃Òd̂ũ+d̂ṽ-1 



1̔ 
  Gѝ ̆ з ұ
5̆ ѫ̔ 

                                      b(G)Ò7. 

Ь   ў ̆ ̆
 

3.1

ў

 

̔Ḯ b(G) Ó8,ԇX={v Vɴ(G) d᷄(v)Ò4} 

  Ḯ X={v1,v2,éévk}̆ ԏ Ԉ  ֗ чэ
x,y ,ɴ ѫ 

d̂x,ỹÓ3 

ѬH=G 

1 ,1i i iH H F i k-= + ¢ ¢



  ѝ ̆ ѫ              Уэ ̆ з
d̂vĩÓ3Ȃ 

  ̆ ԏ Ԉ ֗ x Xɴ̆y Nɴ(x)̆ 

̂1̃ d̂x̃Ò2̆ ѫd(y)Ó7̆ зy Hkѐ
ѝ7 

̂2̃ d̂x̃Ó3 з N᷄(x)žN(y) Ò᷄1̆ ѫd̂ỹ
Ó6 з зy Hkѐ ѝ7 

̂3̃ d̂x̃Ó3 з N᷄(x)žN(y) Ó᷄2̆ ѫd̂ỹ
Ó7 з зy Hkѐ ѝ7 

  Hk ̆ ԏ Hkѝ Ȃת Hk-

X Уэ ѝ6 ̆ бḮ ̆
Ȃ 

1i iH F-+



2̔ 
  Gѝ ̆ ѫ 

                                         b(G)ÒǶ(G)+2 

 

̔ Ƕ(G)Ó6 ̆  

  Ƕ(G)Ò3 ̆ lemma2  

  Ƕ(G)=4 зŭ(G)Ò3̆ ѫ ҂ Ԉ lemma2

 

  Gѝ4 ‡ ̆ ѐ Eulerļs FormulăG

ѐ УэЬ Ȃ lemma2 GѐЬ ̆
Ȃ 

Ḯ Gѝ зǶ(G)=5Ȃ ŭ̂ G̃Ò3̆ ѫ
lemma2̆ ԏ Ԉ  

                          b(G)Òŭ(G)+Ƕ(G)-1)ÒǶ(G)+2Ȃ 

 



G Уэ ѝK4-e ̂i.eчэ Ὥ Ь ̃̆ ѫ
Gѐ ŭv̆ N᷄(u)žN(v) Ó᷄2Ȃ lemma2̆ ԏ Ԉ У
 

b(G)Òd(u)+d(v)-1- N᷄(u)žN(v) Ò᷄5+5-1-2=Ƕ(G)+2Ȃ 

  ԏ ԈḮ ŭ̂ G̃Ó4̂ Gѐ Ь ̃ ֗ чэ Ь
C1 C2̆E(C1)žE(C2)ѝ ̆ Ѭ 

    A={C C᷄ѝGѐЬ } 

    B={u Vɴ(G) d᷄̂ũ=4} 

    T={u Vɴ̂G̃ u᷄ G Ь Э} 

    S={e Eɴ(G) e᷄ G Ь Э} 

  ԇF(G)ѝGѐ  

Eulerļs formula 

V᷄(G) -᷄ E᷄(G) +᷄ F᷄(G) =᷄2Ȃ 

Gѐ ̆ ԏ Ԉ  

2 E᷄(G) =᷄4 B᷄ +᷄5̂ V᷄(G) -᷄ B᷄᷄̃ =5 V᷄(G) -᷄ B᷄  ᷄

з 

2 E᷄(G) Ó᷄3 A᷄ +᷄4 F᷄(G) -᷄ A᷄ =᷄4 F(G)- A᷄  ᷄

 



У  

A᷄ +᷄ B᷄ Ó᷄V(G)+8 

  ԇHѝG ̆V(G)=T̆E(H)=SȂ ѝǶ(G)=5̆ ԏУ Ƕ(H)Ò5

̂Ү Э ԏ Ԉ Ƕ(H)Ò4̆ת Ƕ(H)Ò҂ ̃ 

ѫ ԏ  

3 A᷄ =᷄ S᷄ =᷄ E᷄(H) Ò᷄1/2Ƕ(H) V᷄(H) =᷄1/2Ƕ(H) T᷄ Ò᷄᷄T  ᷄

                  T᷄ Ó᷄6/5 A᷄ Ó᷄᷄A  ᷄

A᷄ +᷄ B᷄ >᷄ V᷄(G) +᷄8> V᷄(G)  ᷄

  TžBѝ Ȃ У УэGѐ Ь C̆Cѐꜛ УэGѐ
ѝ4 ȂḮ v Cѐ Уэ ̆ ѫuvžE(G) 

з N᷄(u)žN̂ṽ Ó᷄1̆ lemma2̆ 

b̂G̃Òd̂ũ+d̂ṽ-1- N᷄(u)žN̂ṽ  ᷄

Ò4+5-1-1 

=Ƕ̂G̃+2 

Ȃ 



3̔ 
  Gѝ ̆ ѫ b̂G̃Ò8Ȃ 

̔ ԏ b̂G̃Ó9̆ ԏ lemma2̆ У xy

d̂x̃+d̂ỹÓ10Ȃб₥ ̆ У eĭ
ѝvi+fi-1̕ fĭ ᾱ Ḁ̆ ԏ
Ȃᴿ ̆ ԏ Ьэ

Ь ̆ а 5э Ȃ ei Уэ ѝ1̆ ԏ
a1=a2=Ð зfi=0Ȃ 

  ѝlemma2̆ У ᷁ ̂d̂x̃̆d̂ỹ̆
a1̆a2̃̆ ѝ ̂up to interchange of x and y and 

a1 and a2̃ Ю̔;; 

(1,k,Ð,Ð), where k 9, and ; 
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(2,k,3,4), where k 9, and ; 

 

(3,k,3,3), where k 9, and ; 

 

(3,k,3,4), where k=8,9,10, or 11, and ; 

 

(4,k,3,3), where k=8,9,10, or 11, and ;  

 

and(5,7,3,3), where . 

  ԏ ѝ ̆ Gѐ ѝ
P(G)Ȃ Уэ x̆ ԏ Ѭ̔ 

 
 

 
( ) ( )

( ) ( )

( ) ( 1) 1/ 2( 1)
i i

i i i i

e xy P G e xy P G
d x d y

x V f v fa
= Í = Î
>

= + - + + -ä ä
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 ̆ ԏ Eulerļs Formulă ԏ  

 

 

  ᴉ̆ ԏ э Ŭ̂ x̃ѝ Ȃ Уэ
̆ ѫŬ̂ x̃Ò0Ȃ Уэ Уэ ̆

ѫd̂x̃Ó7Ȃ 

  d̂x̃=7̆ ѫ Уэ ѝ(5,7,3,30 з Ȃ
lemma2̆ xu xvӎчэ ŭvȂ xu xv ֓ḣ ̆
э Ŭ(x) -1/42. ѝ Уэ Уэ ̆
ԏ Ԉ Ŭ̂ x̃<0 

 d̂x̃Ó8̆ ѝ Уэ Уэ ѝ4 ̆чэ
b̂G̃Ò̆ ѫ ԏ У Ȃ 

x Уэ ѝ1,3̆ 4 ̆ ѫ 7э
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ѝӹԏѮѐ Уэ ̆ ѫ ԏ У
э Ŭ̂ x̃ ֓ḣ У Ȃ ԏ Ŭ

̂x̃ 1/9̆ ѫ ԏ Ԉ  

Ŭ(x)Ò1/9-7/48<0. 

  ԏ Уэ y ѝ2̆ ѫd

̂x̃Ó9Ȃ lemma7̆ ѫ 8э
ѝ8 Ȃ Уэ Ὧ Ŭ̂ x̃

-7/144̆ xy 7/36Ȃ  

Ŭ(x)Ò7/36-7/18<0. 

  



4̔ 
  G G=H K1. ѫ   b(G)=ŭ(H)+1 

̔ {ui} H {vi} Ԉᾞ ╗ Э ̆ӱ У
̆ vi eiбui Ȃ ѫ ԏ Ԉ 

ɔ(G)=|G|/2=|H|. ⁞   ̆ G ⁸ ԈԈЮ
̔ Hѐ֗ᴉ uĭ У ꜛ ui viѐ Уэ

Ȃ 

  ѝҩ b(G) ŭ(H)+1,̆ ԏ ԏ ֗ ŭ̂ H̃
̆ ѫG ⁸ а ȂḮ ԏ k e1,é,ek

Hѐ ŭ(H)-k Ȃ S={v1,é,vk,uk+1,é,u|H|}. э ѐ  

ɔ(G)=|H|, ԏ Ԉ ԏ ⁸ Ȃ vis 

N[S]ѐ , ѝ v1,é,vk  S ѐ̆ з vj бuj S ї ̆j>k. 

, uj S̆j>k̆ ѫ ԏ У бSѐἷ uj̆ὲѐ
jÒkȂ ѫ ᴉuj Hѐ ŭ(H) ̆ з HѐkÒŭ(H)ἷ
ӱSѐх ̆ὲѐ УэУ ujȂ ̆uj УҾ Sѐ ̆
ԏ҂ HѐȂ 
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